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Abstract
We study bulk fields in various multi-brane models with localized gravity. In the case
of spin 0, 1
2
and 3
2
fields, the non-trivial background geometry itself can induce (multi-)
localization of the zero modes along the extra dimension. The addition of appropriate mass
terms controls the strength or/and the position of this localization and can induce (multi-)
localization of spin 1 fields as well. We show that multi-brane models may also give rise to
anomalously light KK modes which are also localized. The possibility of multi-localization
in the context of supersymmetric brane world models in AdS5 spacetime is also discussed.
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1 Introduction
Brane universe models [1–4] in more than four dimensions have been extensively studied
over the last three years because they provide novel ideas for resolutions of long standing
problems of particle physics such as the Planck hierarchy [5–9]. Moreover, mechanisms
to localize gravity on a brane [8, 9] have led to the realization that if extra dimensions
exist, they need not be compact [10]. In the simplest formulation of these models no bulk
matter states are assumed to exist and thus only gravity propagates in the extra dimensions.
Nevertheless “bulk” (i.e. transverse to 3-brane space dimensions) physics turns out to be
very interesting giving alternative explanations to other puzzles of particle physics. For
example, by assuming the existence of a Standard Model (SM) neutral spin 1
2
fermion in
the bulk one can explain the smallness of the neutrino masses without invoking the seesaw
mechanism [11–20]. However, it is not necessary to confine the SM fields to the brane.
Assuming that the SM fields can propagate in the bulk interesting new possibilities arise.
For example one can attempt to explain the pattern of the SM fermion mass hierarchy by
localizing the SM fermions at different places in the bulk [21–24]. These considerations give
the motivation for considering the phenomenology associated with spin 0, 1
2
and 1 fields
propagating in extra dimension(s). Since our discussions will be limited to models with
localized gravity and in particular to Randall-Sundrum (RS) type constructions, we will be
interested in the phenomenology of fields that live in a slice of AdS5 spacetime. If one also
wants to explore the supersymmetric version of the above models, it is also necessary to
study the phenomenology of spin 3
2
field on the same background geometry.
It has been shown that in the context of RS type models the graviton is localized on
positive tension branes and suppressed on the negative ones [9]. In Ref. [25] it was also
shown that the AdS5 background geometry of these models can localize the zero mode
of a massless scalar field on positive tension branes (see also [26]). Moreover, the same
background localizes the spin 1
2
fermions on negative tension branes [15,20,27–34]. The same
localization behaviour holds for spin 3
2
fermions [27,31,35]. However, the AdS5 background
geometry cannot localize massless Abelian gauge fields [36–38] if one tries to get them from
a higher dimensional vector field. One can, however, get localized massless Abelian fields
from higher dimensional antisymmetric forms as it was done in [39].
The addition of mass terms modifies the localization properties. For example, it was
shown in Ref. [2, 15, 20, 32, 40] that the addition of an appropriate mass term in the action
1
of a spin 1
2
field can result in the localization of the zero mode that resembles that of the
graviton (the magnitude of the mass term in this case controls the extent of localization).
In the present paper we show that the same can occur in the case of spin 0, 3
2
fields with
appropriate mass terms. Furthermore we show that by adding a mass term of a particular
form in the action of a massless Abelian gauge field we can achieve the desired localization of
the massless zero mode which can be made to resemble that of the graviton. The mass term
in this case must necessarily consist of a five dimensional bulk mass part and a boundary
part.
From the above it is clear that particles of all spins, with appropriate bulk mass terms,
can exhibit zero mode localization on positive tension branes, just as for the graviton.
In the context of multi-brane models with localized gravity the above implies a further
interesting possibility: the phenomenon of multi-localization in models that contain at
least two positive tension branes. Multi-localization, as we will see, is closely related to the
appearance of light, localized strongly coupled Kaluza-Klein (KK) states (their coupling to
matter can be even larger than the coupling of the zero mode). Thus the mass spectrum of
multi-localized fields is distinct from the mass spectrum of singly localized fields, resulting
in the possibility of new phenomenological signals. Anomalously light states may also arise
in theories without multi-localization (i.e. even in configurations with one positive brane)
in models with twisted boundary conditions.
The appearance of light KK states can be of particular phenomenological interest. For
example in the case of the graviton, multi-localization and thus the appearance of light KK
graviton excitations, gives rise to the exciting possibility of Bi-gravity [41–44] (Multi-gravity
[44–47]) where part (or even all) of gravitational interactions can come from massive spin 2
particle(s) (KK state(s)) [41–51]. In this case the large mass gap between the anomalously
light KK state(s) and the rest of the tower is critical in order to avoid modifications of
Newton’s law at intermediate distances.
Anomalously light spin 1
2
KK states can also arise when a bulk fermion is multi-localized
[20]. The non-trivial structure of the KK spectrum in this case, with the characteristic mass
gap between the light state(s) and the rest of the tower, can be used for example to construct
models with a small number of active or sterile neutrinos involved in the oscillation (the
rest will decouple since they will be heavy).
The organization of the paper is as follows: In the next Section we review the general
framework and discuss the general idea of multi-localization in the context of models with
localized gravity. In Section 3 we study the multi-localization properties of a bulk scalar
2
field. In Section 4 we review the situation of a bulk fermion field. In Section 5 we study in
detail the possibilities of localization and multi-localization of an Abelian gauge field. In
Section 6 present the possibility of multi-localization in the case of a gravitino and finally
in Section 7 we review the same phenomena for the case of graviton [41, 42]. In section 8
we discuss how multi-localization is realized in the context of supersymmetric versions of
the previous models. The overall implications and conclusions are presented in section 9.
2 General Framework - The idea of Multi-Localization
The original formulation of multi-localization of gravity was obtained in five dimensions
for the case that there is more than one positive tension brane. If the warp factor has a
“bounce”, in the sense that it has a minimum (or minima) between the positive tension
branes, the massless graviton appears as a bound state of the attractive potentials associated
with the positive tension branes with its wave function peaked around them. Moreover
in this case there are graviton excitations corresponding to additional bound states with
wave functions also peaked around the positive tension branes. They are anomalously
light compared to the usual Kaluza Klein tower of graviton excitations. The reason for
this is that the magnitude of their wavefunction closely approximates that of the massless
mode, differing significantly only near the position of the bounce where the wave function
is exponentially small. The mass they obtain comes from this region and as a result is
exponentially suppressed relative to the usual KK excitations.
The first models of this type involved negative tension branes sandwiched between the
positive tension branes [41]. That this is necessary in the case of flat branes with vanishing
cosmological constant in four dimensions is easy to see because, for a single flat brane, the
minimum of the warp factor is at infinity and thus any construction with another positive
brane at a finite distance will have a discontinuity in the derivative of the warp factor at
the point of matching of the solutions and thus at that point a negative tension brane will
emerge.
Subsequently it was pointed out that a free negative tension brane(s) violate the weaker
energy condition and lead to a ghost radion field(s). A way out of this problem was suggested
by some of us through the use of AdS4 branes [43] (see [52] for a different possibility
involving an external four-form field). In this case the minimum of a single brane is at finite
distance and thus one can match the solution for two positive branes without introducing a
negative tension brane. However a drawback of this approach is that the four dimensional
cosmological constant is negative in conflict with the current indications for a positive
3
cosmological constant.
Recently we have shown how it is possible to obtain the “bounce” and the related
multilocalisation for zero cosmological constant in four dimensions without the need for
negative tension branes [44]. We have shown this is possible even in cylindrically symmetric
models if one allows for non-homogeneous brane tensions and/or bulk cosmological constant.
In this case the structure of the effective four dimensional theory is very similar to the five
dimensional case for the modes which do not depend on the new angular co-ordinate.
In particular one finds a massless graviton and anomalously light massive modes with
wavefunctions peaked around the positive tension branes.
In this paper we are interested in whether spin 0, 1
2
, 1, and 3
2
fields can similarly show the
phenomena of multi-localisation we found for the graviton in suitable curved backgrounds.
We will show that the curved background can also induce localisation for the case of spin
0, 1
2
and 3
2
fields but not for a massless vector field. However, even in flat spacetime in
higher dimensions, it is also possible to induce localisation by introducing mass of a very
specific form for these fields. We will show that this effect can localise all fields with spin
≤ 3
2
, including the graviton.
For simplicity we will work mainly with the five dimensional compactification. In the
context of the discussion of the multilocalisation of fields of spin ≤ 3
2
, what is important is
the nature of the curved background as determined by the warp factor. Thus the general
features are applicable to all models of multilocalisation with the same warp factor profile.
However the interpretation of the mass terms needed to achieve multilocalisation differs.
In the case of models with negative tension branes the masses correspond to a combination
of a constant bulk mass together with a brane term corresponding to the coupling to
boundary sources. In the case of models without negative tension branes the mass must
have a non-trivial profile in the bulk. In certain cases this profile may be guaranteed by
supersymmetry.
In the five dimensional models considered here, the fifth dimension y is compactified on
an orbifold, S1/Z2 of radius R, with −L ≤ y ≤ L. The five dimensional spacetime is a slice
of AdS5 which is described by
5:
ds2 = e−2σ(y)ηµνdx
µdxν + dy2 (1)
where the warp factor σ(y) depends on the details of the model considered.
5We will assume that the background metric is not modified by the presence of the bulk fields, that is,
we will neglect the back-reaction on the metric from their presence.
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Since we are interested in the phenomenology of fields propagating in the above slice of
AdS5 our goal is to determine the mass spectrum and their coupling to matter. Starting
from a five dimensional Lagrangian, in order to give a four dimensional interpretation to
the five dimensional fields, one has to implement the dimensional reduction. This procedure
includes the representation of the five dimensional fields Φ(x, y) in terms of the KK tower
of states:
Φ(x, y) =
∞∑
n=0
Φ(n)(x)f (n)(y) (2)
where f (n)(y) is a complete orthonormal basis spanning the compact dimension. The idea
behind this KK decomposition is to find an equivalent 4D description of the five dimensional
physics associated with the field of interest, through an infinite number of KK states with
mass spectrum and couplings that encode all the information about the five dimensions.
The function f (n)(y) describes the localization of the wavefuntion of the n-th KK mode in
the extra dimension. It can be shown that f (n)(y) obeys a second order differential equation
which, after a convenient change of variables and/or a redefinition6 of the wavefunction,
reduces to an ordinary Schro¨dinger equation:
{
−1
2
∂2z + V (z)
}
fˆ (n)(z) =
m2n
2
fˆ (n)(z) (3)
The mass spectrum and the wavefunctions (and thus the couplings) are determined by
solving the above differential equation. Obviously all the information about the five dimen-
sional physics is contained in the form of the potential V (z). For example in the case of
the graviton the positive tension branes correspond to attractive δ-function potential wells
whereas negative tension branes to δ-function barriers. The form of the potential between
the branes is determined by the AdS5 background.
2.1 Multi-Localization and light KK states
Multi-localization emerges when one considers configuration of branes such that the corre-
sponding potential V (z) has at least two (δ-function)7 potential wells, each of which can
support a bound state (see Fig.(1) for the ′′+−+′′ case). If we consider the above potential
6The form of the redefinitions depend on the spin of the field.
7In the infinitely thin brane limit that we consider, the wells associated with positive branes are δ-
functions.
5
V (z)
z
Figure 1: The scenario of multi-localization is realized in configurations where the cor-
responding form of potential has potential wells that can support bound states. Such a
potential is the one that corresponds to the ′′ +−+′′ model. Positive branes are δ-function
wells and negative are δ-function barriers.
wells separated by an infinite distance, then the zero modes are degenerate i.e. and mass-
less. However, if the distance between them is finite, due to quantum mechanical tunneling
the degeneracy is removed and an exponentially small mass splitting appears between the
states. The rest of levels, which are not bound states, exhibit the usual KK spectrum with
mass difference exponentially larger than the one of the “bound states” (see Fig.(2)). The
above becomes clearer if one examines the form of the wavefunctions. In the finite distance
configuration the wavefunction of the zero mode is the symmetric combination (fˆ0 =
fˆ1
0
+fˆ2
0√
2
)
of the wavefunctions of the zero modes of the two wells whereas the wavefunction of the
first KK state is the antisymmetric combination (fˆ0 =
fˆ1
0
−fˆ2
0√
2
). Such an example is shown
in Fig.(3) where are shown the wavefunctions of the graviton in the context of ′′ + −+′′
model with two positive tension branes at the fixed point boundaries and a negative tension
brane at the mid-point. From it we see that the absolute value of these wavefunctions are
nearly equal throughout the extra dimension, with exception of the central region where
the antisymmetric wavefunction passes through zero, while the symmetric wavefunction has
suppressed but non-zero value. The fact that the wavefunctions are exponentially small in
this central region results in the exponentially small mass difference between these states.
The phenomenon of multi-localization is of particular interest since, starting from a
problem with only one mass scale (the inverse radius of compactification), we are able to
create a second scale exponentially smaller. Obviously the generation of this hierarchy is
6
Mass
′′ +−+′′ Model ′′ +−′′ RS Model
Figure 2: Comparison of the gravitational spectrum of the ′′ +−+′′ model with the ′′′ +−′
Randall-Sundrum model.
due to the tunneling effects in our “quantum mechanical” problem.
2.2 Locality - light KK states and separability
Summarizing, if in a single brane configuration (with infinite extra dimension) the zero
mode of a field is localized on the brane, then in a multi-brane world scenario it will be
multi-localized and as a consequence light KK states will appear in its spectrum. The
latter is assured from the following locality argument: In the infinite separation limit of the
multi-brane configuration physics on each brane should depend on local quantities and not
on physics at infinity. The latter assures the smoothness of the limit of infinite separation of
branes in the sense that at the end of the process the configuration will consists of identical
and independent single brane configurations. As a result the above locality argument also
ensures the appearance of light states which at the above limit will become the zero modes
of the one brane configurations.
3 Multi-Localization of spin 0 field
3.1 ′′ +−+′′ Model
Let us now explore whether multi-localization of spin 0 fields can be realized in the context
of the RS type of models. We start our discussion from the simplest case of a real scalar
7
Figure 3: The wavefunctions of the three first modes in the ′′+−+′′ model. The zero mode
(solid line), first (dashed line ) and second (dotted line) KK states. Note that the absolute
value of the wavefunctions of the zero mode and the first KK state almost coincide except
for the central region of the configuration where they are both suppressed.
Figure 4: The effect of stretching the configuration by moving the two wells further apart.
Note that the wavefunction of the zero mode and the first KK state remain localized but
the remaining of the modes, not being bound states, will stretch along the extra dimension.
. . .
Figure 5: The case when the distance between the branes become infinite. The zero mode
(which still exists if the compactification volume is finite) and the first KK state become
degenerate. The wavefunction of the second KK state spreads along the extra dimension.
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field propagating in a five dimensional curved background described by the metric of eq.(1)
where the function σ(y) is the one that corresponds to the ′′ + −+′′ configuration. The
action for a massive bulk scalar field in this case is:
S =
1
2
∫
d4x
∫
dy
√
G
(
GAB∂AΦ∂BΦ +m
2
ΦΦ
2
)
(4)
where G = det(GAB) = e
−8σ(y). Under the Z2 symmetry m
2
Φ should be even. We take m
2
Φ
of the form:
m2Φ = C + ΣiDiδ(y − yi) (5)
where Di = ±1 for a positive or negative brane respectively. The first term corresponds to
a constant five dimensional bulk mass and the second to the coupling of the scalar field to
boundary sources 8. The mass can be rewritten in the form
m2Φ = α(σ
′(y))2 + βσ′′(y) (6)
Taking in account the form of the vacuum, the above action can be written as
S =
1
2
∫
d4x
∫
dy
(
e−2σ(y)ηµν∂µΦ∂νΦ− Φ∂5(e−4σ(y)∂5Φ) +m2Φe−4σ(y)Φ2
)
(7)
In order to give a four dimensional interpretation to this action we go through the di-
mensional reduction procedure. Thus we decompose the five dimensional field into KK
modes
Φ(x, y) =
∑
n
φn(x)fn(y) (8)
Using this decomposition, the above action can be brought in the form
S =
1
2
∑
n
∫
d4x{ηµν∂µφn(x)∂νφn(x) +m2nφ2n(x)} (9)
provided the KK wavefunctions obey the following second order differential equation
− d
dy
(
e−4σ(y)
dfn(y)
dy
)
+m2Φe
−4σ(y)fn(y) = m
2
ne
−2σ(y)fn(y) (10)
with the following orthogonality relations (taking in account the Z2 symmetry):
∫ L
−L
dye−2σ(y)f ∗m(y)fn(y) = δmn (11)
8Here we have assumed that the magnitude of the boundary mass term contribution is the same for all
branes. This is needed in order to have a zero mode.
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where we assume that the length of the orbifold is 2L.
The linear second order differential equation can always be brought to a Schro¨ndiger
form by a redefinition of the wavefunction and by a convenient coordinate transformation
from y to z coordinates related by : dz
dy
= eσ(y). The coordinate transformation is chosen
to eliminate the terms involving first derivatives. Thus we end up with the differential
equation of the form: {
−1
2
∂2z + V (z)
}
fˆn(z) =
m2n
2
fˆn(z) (12)
where the potential is given by
V (z) =
15
4
(σ′(y))2 +m2Φ
2[g(z)]2
−
3
2
2[g(z)]2
σ′′(y) (13)
where g(z) ≡ eσ(y) and we have made a redefinition of the wavefunction:
fˆn(z) = e
− 3
2
σ(y)fn(y) (14)
Note that formφ = 0 the above Schro¨endiger equation is identical to that of the graviton.
This implies that the mass spectrum of a massless scalar field of even parity is identical to
the graviton’s and thus supports an ultralight KK state(s). Addition of a bulk mass term
(β = 0), results in the disappearance of the zero mode from the spectrum (the ultralight
state also is lost). Nevertheless, by considering a mass term of the more general form
(with α 6= 0 and β 6= 0 ), which has the characteristic that it changes both terms of the
potential of eq.(15), we can not only recover the zero mode but in addition have ultralight
KK state(s). In this case the corresponding potential will be
V (z) =
(
15
4
+ α
)
(σ′(y))2
2[g(z)]2
−
(
3
2
− β
)
2[g(z)]2
σ′′(y) (15)
This is of the general form given in Appendix A. A massless mode exists if α = β2 − 4β
in which case the wavefunction is fˆ(z) ∝ e(β−3/2)σ(y). From equation (11) we see that
f(y)e−σ(y) ∝ e(β−1)σ(y) is the appropriately normalised wavefunction in the interval [−L, L].
This is localised on the positive tension brane for β > 1 and on the negative tension brane
for β < 1. When the condition for the zero mode is satisfied we find the mass of the first
ultralight KK state to be given by.
m1 ≈
√
4ν2 − 1 kw e−(ν+ 12 )x (16)
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where ν = 3
2
− β and for the rest of the KK tower
mn+1 ≈ ξn kw e−x n = 1, 2, 3, . . . (17)
where ξ2i+1 is the (i+1)-th root of Jν− 1
2
(x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of Jν+ 1
2
(x)
(i = 1, 2, 3, . . .). The above approximations become better away from the ν = 1
2
, x = 0
and for higher KK levels, n. The first mass is singled out from the rest of the KK tower
as it has an extra exponential suppression that depends on the mass of the bulk fermion.
In contrast, the rest of the KK tower has only a very small dependence on the mass of the
bulk fermion through the root of the Bessel function ξn = ξn(ν) which turns out to be just
a linear dependence on ν.
3.2 ′′ ++′′ model
We now consider a model which exhibits Bi-gravity but does not require negative tension
branes [43]. It is built using two positive tension branes and leads to AdS in four dimensions.
A discussion of this model appears in Appendix B.
The discussion of the localisation of spin 0 fields in the ′′ ++′′ case follows similar lines
to that of the ′′ +−+′′ case. In the absence of any mass term for the scalar the potential
has the form given in eq.(80) with ν = 3
2
. Thus again the spectrum of the scalar KK tower
is identical to that of the graviton. However the structure changes on the addition of a
five dimensional mass term for the scalar. If one adds a constant bulk mass term there is
no longer a zero mode and the ultralight state is also lost. In this case, however, it is not
possible to recover the zero mode and light states by adding a boundary term corresponding
to coupling to boundary sources. The reason is that a boundary term is no longer equivalent
to a term proportional to σ′′ (c.f. Appendix B). As a result, up to the constant bulk term
we have added, the bulk potential still has the form of eq.(80) with ν = 3
2
and, due to the
constant bulk mass term, there is no zero mode. We see that the multi-localisation by a
constant bulk plus brane mass term was special to the case with negative tension branes.
If one is to achieve the same in the case without negative tension branes it is necessary
to add a mass term of the form given in eq.(6) which cannot now be interpreted as a five
dimensional bulk mass term plus a coupling of the scalar field to boundary sources. Note
that if one does choose a scalar mass term of the form given in eq.(6) the remainder of
the discussion applies to the ′′++′′ case too and one can generate the multilocalised scalar
field configurations discussed above.
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Of course the question is whether such a scalar mass term can be justified. As we will
discuss in Section 9 supergravity can generate such mass terms in some, but not all, cases.
For the remainder it seems unlikely as σ′ and σ′′ are related to the metric and the underlying
geometry of the compactification and it is difficult to see why a mass term of the form given
in eq.(6) should arise. One possible explanation may follow if one can realise the ideas of
reference [32]. In this case the geometry of compactification is driven by scalar field vacua
with kink profiles along the extra dimension. Perhaps the coupling to these scalar fields
will induce a mass term of the form given in eq.(6).
4 Multi-Localization of spin 12 field
As has been shown in Ref. [20] multi-localization can appear also to spin 1
2
fields with
appropriate mass terms. Here for completeness we briefly review this case. The AdS5
background geometry localizes the chiral zero mode on negative tension branes. However
the addition of a mass term [2, 40] can alter the localization properties of the fermion so
that it is localized on positive tension branes. The starting point again will be the action
for a spin 1
2
particle in the curved five dimensional background of eq.(2):
S =
∫
d4x
∫
dy
√
G{EAα
[
i
2
Ψ¯γα
(−→
∂A −←−∂A
)
Ψ+
ωbcA
8
Ψ¯{γα, σbc}Ψ
]
−m(y)Ψ¯Ψ} (18)
where G = det(GAB) = e
−8σ(y). Given the convention of of eq.(2) we adopt the “mostly
hermitian” representation of the Dirac matrices. The four dimensional representation of
the Dirac matrices is chosen to be γa = (γµ, γ5) with (γ0)2 = −1, (γi)2 = 1, (γ5)2 = 1.
We define ΓM = EMa γ
a and thus we have {γa, γb} = 2ηab and {Γa,Γb} = 2gab(y), where
ηab = diag(−1, 1, 1, 1, 1). The vielbein is given by
EAα = diag(e
σ(y), eσ(y), eσ(y), eσ(y), 1) (19)
As in Ref. [20], we choose the mass term to have a (multi-) kink profile m(y) = σ
′(y)
k
. It
is convenient to write the action in terms of the fields: ΨR and ΨL where ΨR,L =
1
2
(1±γ5)Ψ
and Ψ = ΨR +ΨL. The action becomes:
S =
∫
d4x
∫
dy{e−3σ
(
Ψ¯Liγ
µ∂µΨL + Ψ¯Riγ
µ∂µΨR
)
− e−4σm
(
σ′(y)
k
) (
Ψ¯LΨR + Ψ¯RΨL
)
−1
2
[
Ψ¯L(e
−4σ∂y + ∂ye
−4σ)ΨR − Ψ¯R(e−4σ∂y + ∂ye−4σ)ΨL
]
(20)
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writing ΨR and ΨL in the form:
ΨR,L(x, y) =
∑
n
ψR,Ln (x)e
2σ(y)fR,Ln (y) (21)
the action can be brought in the form
S =
∑
n
∫
d4x{ψ¯n(x)iγµ∂µψn(x)−mnψ¯n(x)ψn(x)} (22)
provided the wavefunctions obey the following equations
(
−∂y +mσ
′(y)
k
)
fLn (y) = mne
σ(y)fRn (y)
(
∂y +m
σ′(y)
k
)
fRn (y) = mne
σ(y)fLn (y) (23)
and the orthogonality relations (taking account of the Z2 symmetry):
∫ L
−L
dyeσ(y)fL
∗
m(y)f
L
n (y) =
∫ L
−L
dyeσ(y)fR
∗
m(y)f
R
n (y) = δmn (24)
where we assume that the length of the orbifold is 2L.
We solve the above system of coupled differential equations by substituting fLn (y) from
the second in the first equation. Thus we end up with a second order differential equation,
which can always be brought to a Schro¨ndiger form by a convenient coordinate transforma-
tion from y to z coordinates related through dz
dy
= eσ(y). This gives the differential equation
of the form: {
−1
2
∂2z + VR(z)
}
fˆRn (z) =
m2n
2
fˆRn (z) (25)
with potential
VR(z) =
ν(ν + 1)(σ′(y))2
2[g(z)]2
− ν
2[g(z)]2
σ′′(y) (26)
Here fˆRn (z) = f
R
n (y) and we have defined ν ≡ mk and g(z) ≡ eσ(y). The left handed
wavefunctions are given by 9:
fLn (y) =
e−σ(y)
mn
(
∂y +m
σ′(y)
k
)
fRn (y) (27)
9Note that it can be shown that the left-handed component obeys also a similar Schro¨dinger equation
with VL(z) =
ν(ν−1)k2
2[g(z)]2 +
ν
2[g(z)]2σ
′′(y) which is given by VR with ν → −ν.
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For ν = 3
2
that the form of eq.(26) is exactly the same as that satisfied by the graviton.
The solution has the form fˆRn (z) ∝ e−νσ(y). From equation (24) we see that fR(y)eσ(y)/2 ∝
e(1/2−ν)σ(y) is the appropriately normalised wavefunction.
There are three regions of localization: For ν < 1
2
the zero mode is localized on negative
tension branes, for ν = 1
2
it is not localized and for ν > 1
2
it is localized on positive tension
branes. The study of the spectrum of the above differential equation provides the spectrum
(for ν > 1
2
): For the first KK state we find (for the symmetric configuration)
m1 =
√
4ν2 − 1 kw e−(ν+ 12 )x (28)
and for the rest of the tower
mn+1 = ξn kw e
−x n = 1, 2, 3, . . . (29)
where ξ2i+1 is the (i + 1)-th root of Jν− 1
2
(x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of
Jν+ 1
2
(x) (i = 1, 2, 3, . . .). The above approximations become better away from the ν = 1
2
,
x = 0 and for higher KK levels n. The first mass is manifestly singled out from the rest of
the KK tower as it has an extra exponential suppression that depends on the mass of the
bulk fermion. By contrast the rest of the KK tower has only a very small dependence on
the mass of the bulk fermion thought the root of the Bessel function ξn = ξn(ν) which turns
out to be just a linear dependence in ν. The special nature of the first KK state appears
not only in the characteristics of the mass spectrum but also in its coupling behaviour. As
it was shown in Ref. [20] the coupling to matter of the right-handed component of the first
KK state is approximately constant (independent of the separation of the positive branes)
It is instructive to examine the localization behaviour of the modes as the separation
between the two δ-function potential wells increases. In the following we assume that
ν > 1
2
so that multi-localization is realized. In the case of infinite separation we know
that each potential well supports a single chiral massless zero mode and that the rest of
the massive modes come with Dirac mass terms. This raises an interesting question: How
from the original configuration with finite size which has only one chiral mode do we end
up with a configuration that has two chiral modes ? The answer to this question is found
by examining the localization properties of the first special KK mode. From Figs (3-5) we
see that the right-handed component of the first KK state (dashed line) is localized on the
positive tension brane whereas the left-handed component (dotted line) is localized in the
central region of the configuration. As we increase the distance separating the two potential
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wells the right-handed component remains localized on the positive tension branes whereas
the left-handed state starts to spread along the extra dimension. We see that the second
chiral mode that appears in the infinite separation limit is the right-handed component of
the first KK state. This is possible since in that limit the left-handed component decouples
(since it spreads along the infinite extra dimension). In this limit, the chiral zero mode that
each potential well supports can be considered as the combination of the zero mode of the
initial configuration and the massless limit of the first KK state.
Our discussion of fermion localisation applies also to models of the “++” type without
negative tension branes. The major difference is that the fermion mass term are no-longer
constant in the bulk. As in the case of the scalars it remains to be seen whether such mass
terms actually arise in models in which the geometry is determined by non-trivial scalar
field configurations.
5 Localization and Multi-Localization of spin 1 field
We now turn to the study of an Abelian gauge field. In the context of string theory it is
natural to have gauge fields living in their world-volume of D-branes (these gauge fields
emerge from open strings ending on the D-branes). However, in the case of a domain wall
it turns out that it is difficult to localize gauge bosons in a satisfactory way. The problem
has been addressed by several authors Ref. [32, 53–56]. In this section we argue that the
localization of gauge boson fields is indeed technically possible for particular forms of its
five dimensional mass term (a similar mass term has been recently considered by [57]). Our
starting point is the Lagrangian for an Abelian gauge boson in five dimensions:
S =
∫
d4x
∫
dy
√
G
[
−1
4
GMK GNL FMN FKL − 1
2
α(σ′(y))2AMA
M − 1
2
βσ′′(y)AµA
µ
]
(30)
where FMN = ∂MAN − ∂NAM . Again we have assumed a mass term allowed by the
symmetries of the action of the form:
m2 = α(σ′(y))2 + βσ′′(y) (31)
Of course it is important to be able to generate the above mass term in a gauge invariant
way. This can be readily done through the inclusion in the Lagrangian of the term:
(
α(σ′(y))2 + βσ′′(y)
) (
(DMφ)∗(DMφ)− V (φ)
)
(32)
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Here we have added a five dimensional charged Higgs field, φ. If the potential V (φ) triggers
a vacuum expectation value for φ, it will spontaneously break gauge invariance both in the
bulk and on the brane and generate a vector mass term of the required form. The resulting
action (in the gauge A5 = 0) is
S =
∫
d4x
∫
dy
√
Gˆ
[
−1
4
Gˆµκ Gˆνλ Fµν Fκλ − 1
2
e−2σ(y)(∂5Aν)(∂5Aλ)Gˆ
νλ − 1
2
m2AµA
µ
]
(33)
where:
m2 = α(σ′(y))2 + βσ′′(y) (34)
Performing the KK decomposition
Aµ(x, y) =
∑
n
Aµn(x)fn(y) (35)
this can be brought in the familiar action form for massive spin 1 particles propagating in
flat space-time
S =
∑
n
∫
d4x
[
−1
4
ηµκ ηνλ F
µν
n F
κλ
n −
1
2
m2nA
µ
nA
ν
n
]
(36)
provided that fn(y) satisfies the following second order differential equation
− d
dy
(
e−2σ(y)
dfn(y)
dy
)
+m2e−2σ(y)fn(y) = m
2
nfn(y) (37)
with the following orthogonality relations (taking in account the Z2 symmetry):
∫ L
−L
dyf ∗m(y)fn(y) = δmn (38)
where we assume that the length of the orbifold is 2L. As before this can be brought to
a Schro¨dinger form by a redefinition of the wavefunction and by a convenient coordinate
transformation from y to z coordinates related through: dz
dy
= eσ(y). Thus we end up with
the differential equation of the form:
{
−1
2
∂2z + V (z)
}
fˆn(z) =
m2n
2
fˆn(z) (39)
where
V (z) =
3
4
(σ′(y))2 +m2
2[g(z)]2
−
1
2
2[g(z)]2
σ′′(y) (40)
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where
fˆn(z) = e
− 1
2
σ(y)fn(y) (41)
and we have defined for convenience g(z) ≡ eσ(y). Let us now examine the localization
properties of the gauge boson modes. Form = 0 there exists a zero mode with wavefunction:
fˆn(z) = Ce
− 1
2
σ(y) =
C√
g(z)
(42)
where C is a normalization constant. From eq.(38) it is clear that in this case the appro-
priately normalized wavefunction f(y) is constant along the extra dimension and thus that
the gauge boson is delocalized. For m 6= 0 with α 6= 0 and β = 0 the zero mode becomes
massive. We can recover the zero mode by allowing for the possibility of β 6= 0. In this
case the potential can be written as
V (z) =
(
α + 3
4
)
(σ′(y))2
2[g(z)]2
−
(
1
2
− β
)
2[g(z)]2
σ′′(y) (43)
This is of the general form given in Appendix A. A massless mode exists if α = β2 −
2β in which case the wavefunction fˆ(z) ∝ e(β−1/2)σ(y). From equation (41) we see that
f(y)e−σ(y) ∝ eβσ(y) is the appropriately normalised wavefunction in the interval [−L, L].
This is localised on the positive tension brane for β > 0 and on the negative tension brane
for β < 0. When the condition for the zero mode is satisfied we find the mass of the first
ultralight KK state to be given by (for the symmetric configuration):
m1 =
√
4ν2 − 1 kw e−(ν+ 12 )x (44)
where ν = 1
2
− β and for the rest of the tower
mn+1 = ξn kw e
−x n = 1, 2, 3, . . . (45)
where ξ2i+1 is the (i+1)-th root of Jν− 1
2
(x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of Jν+ 1
2
(x)
(i = 1, 2, 3, . . .). Again, the first KK is singled out from the rest of the KK tower as it has
an extra exponential suppression that depends on the mass parameter ν. In contrast the
rest of the KK tower has only a very small dependence on the ν parameter thought the
root of the Bessel function ξn = ξn(ν) which turns out to be just a linear dependence in ν.
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Once again our discussion applies unchanged to the case without negative tension branes.
Once again the difference is that the mass no longer corresponds to a combination of brane
and constant bulk terms. Perhaps the origin of such terms will be better motivated in the
case that the geometry is driven by a non-trivial vacuum configuration of a scalar field with
a profile in the bulk such that coupling of the gauge field to it generates the required mass
term. At present we have no indication that this should be the case.
6 Multi-Localization of spin 32 field
In this section we consider the (multi-) localization of a spin 3
2
particle. The starting point
will be the Lagrangian for a 3
2
particle propagating in curved background is:
S = −
∫
d4x
∫
dy
√
GΨ¯MΓ
MNP
(
DN +
m
2
ΓN
)
ΨP (46)
where the covariant derivative is
DMΨN = ∂MΨN − ΓPMNΨP +
1
2
ωABM γAB (47)
with γAB =
1
4
[γA, γB] and Γ
MNP = Γ[MΓNΓP ]. The connection is given by
ωABM =
1
2
gPN e[AP∂[Me
B]
N ] +
1
4
gPN gTΣ e[APe
B]
T∂[Σ e
Γ
N ] e
∆
M ηΓ∆ (48)
where ΓM = eMnγ
n with eMn = diag(e
σ(y), eσ(y), eσ(y), eσ(y), 1). As in the case of the Abelian
gauge boson we will assume that we generate the mass term for this field in a gauge invariant
way. Exploiting the gauge invariance we can fix the gauge setting Ψ5 = 0, something that
simplifies considerably the calculations. In this case, the above action becomes
S = −
∫
d4x
∫
dy
√
GΨ¯µΓ
µνρ
(
Dν +
m
2
Γν
)
Ψρ −
√
GΨ¯µΓ
µ5ρ
(
D5 +
m
2
Γ5
)
Ψρ (49)
We can simplify the above further taking in account the following identities:
Γµνρ = e3σ(y)γµνρ
Γµ5ρ = e2σ(y)γµ5ρ
γµνργν = −2γµρ
γµ5ρ = −γ5γµρ
γµργµ = −2γρ (50)
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Using the above we find the following simple forms for the covariant derivatives
Dν = ∂ν − 1
2
σ′(y)e−σ(y)γνγ
5
D5 = ∂5 (51)
Using the previous relations we write the action in the form
S = −
∫
d4x
∫
dye−σ(y)Ψ¯µγ
µνρ
(
∂ν − 1
2
σ′(y)e−σ(y)γνγ
5 +
m
2
e−σ(y)γν
)
Ψρ
−e−2σ(y)Ψ¯µγµ5ρ
(
∂5 +
m
2
γ5
)
Ψρ (52)
The above can be brought in the form
S = −
∫
d4x
∫
dye−σ(y)Ψ¯µγ
µνρ∂νΨρ + e
−2σ(y)Ψ¯µγ
µρ
[
3m
2
+ γ5 (∂5 − σ′(y))
]
Ψρ (53)
At this stage it turns out, like in the spin 1
2
case, that it is convenient to write Ψµ in terms
of ΨRµ and Ψ
L
µ (Ψµ = Ψ
R
µ +Ψ
L
µ) which have different KK decomposition:
ΨR,Lµ (x, y) =
∑
n
ψR,Lµ n(x)e
σ(y)fR,Ln (y) (54)
Substituting the above decompositions in the action we get
S = −
∫
d4x
∫
dyeσ(y)(Ψ¯Rµγ
µνρ∂νΨ
R
ρ + Ψ¯
L
µγ
µνρ∂νΨ
L
ρ )
+Ψ¯Rµγ
µρ
[
3m
2
+ γ5∂5
]
ΨLρ + Ψ¯
L
µγ
µρ
[
3m
2
+ γ5∂5
]
ΨRρ (55)
this can be brought to the familiar action form for massive spin 3
2
particle in flat background
S =
∫
d4x{−Ψ¯µγµνρ∂νΨρ +mnΨ¯µγµρΨρ} (56)
provided that fRn and Ψ
L
n satisfy that following coupled differential equations
(
−∂y + 3m
2
σ′(y)
k
)
fLn (y) = mne
σ(y)fRn (y)
(
∂y +
3m
2
σ′(y)
k
)
fRn (y) = mne
σ(y)fLn (y) (57)
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supplied with the orthogonality relations (taking account of the Z2 symmetry):
∫ L
−L
dyeσ(y)fL
∗
m(y)f
L
n (y) =
∫ L
−L
dyeσ(y)fR
∗
m(y)f
R
n (y) = δmn (58)
Note that the form of the above system of differential equations is identical to the one of
spin 1
2
particle provided we substitute m→ 3m
2
. Accordingly the corresponding Schro¨dinger
equation and thus the mass spectrum in this case is going to be the same as the spin 1
2
case
up to the previous rescaling of the mass parameter.
7 Multi-Localization of the graviton field
In this section, for completeness, we review the multi-localization scenario for the graviton.
The gravitational field has the characteristic that it creates itself the background geometry
in which it and the rest of the fields propagate. Thus, one has first to find the appropriate
vacuum solution and then consider perturbations around this solution. In order to exhibit
how the multi-localization appears in this case, we will again work with the ′′ + −+′′
configuration. The starting point is the Lagrangian
S =
∫
d4x
∫ L2
−L2
dy
√−G{−Λ + 2M3R} −∑
i
∫
y=Li
d4xVi
√
−Gˆ(i) (59)
The Einstein equations that arise from this action are:
RMN − 1
2
GMNR = − 1
4M3

ΛGMN +∑
i
Vi
√
−Gˆ(i)√−G Gˆ
(i)
µνδ
µ
Mδ
ν
Nδ(y − Li)

 (60)
using the metric ansatz of eq.(2) we find that the above equations imply that the function
σ(y) satisfies:
(σ′)
2
= k2 (61)
σ′′ =
∑
i
Vi
12M3
δ(y − Li) (62)
where k =
√
−Λ
24M3
is a measure of the curvature of the bulk. The exact form of σ(y) depends
on the brane configuration that we consider. For example, in the case of ′′ + −+′′ model
we have
σ(y) = k {L1 − ||y| − L1|} (63)
20
where L1 is the position of the intermediate brane. with the requirement that the brane
tensions are tuned to V0 = −Λ/k > 0, V1 = Λ/k < 0, V2 = −Λ/k > 0. In order to examine
the localization properties of the graviton, the next step is to consider fluctuations around
the vacuum of eq.(1). Thus, we expand the field hµν(x, y) in graviton and KK states plane
waves:
hµν(x, y) =
∞∑
n=0
h(n)µν (x)fn(y) (64)
where (∂κ∂
κ −m2n) h(n)µν = 0 and fix the gauge as ∂αh(n)αβ = h(n)αα = 0 10. The function fn(y)
will obey a second order differential equation which after a change of variables ( dz
dy
= eσ(y))
reduces to an ordinary Schro¨dinger equation:
{
−1
2
∂2z + V (z)
}
fˆn(z) =
m2n
2
fˆn(z) (65)
with potential
V (z) =
15
4
(σ′(y))2
2[g(z)]2
−
3
2
2[g(z)]2
σ′′(y) (66)
where
fˆn(z) ≡ fn(y)eσ/2 (67)
and the function g(z) as g(z) ≡ k {z1 − ||z| − z1|}+ 1, where z1 = z(L1). The study of the
mass spectrum of reveals the following structure for the mass spectrum (for the symmetric
configuration):
m1 = 2
√
2ke−2x (68)
mn+1 = ξnke
−x n = 1, 2, 3, . . . (69)
where ξ2i+1 is the (i + 1)-th root of J1(x) (i = 0, 1, 2, . . .) and ξ2i is the i-th root of J2(x)
(i = 1, 2, 3, . . .). Again the first KK state is singled out from the rest of the KK tower as
its mass has an extra exponential suppression .
Let us see now how the separability argument works in the case of the graviton. Starting
with the familiar configuration ′′+−+′′, the mass spectrum consists of the massless graviton,
the ultra-light first KK state and the rest of the KK tower which are massive spin two
10Note that we have ignored the presence of dilaton/radion fields associated with the size of the extra
dimension or the positions of the branes. For more details see Ref. [58–61].
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particles. In the limit of infinite separation the first special KK mode becomes the second
massless mode, according to our previous general discussions. However, at first sight the
counting of degrees of freedom doesn’t work: we start with a massive spin 2 state (first
KK state) which has five degrees of freedom and we end up with a massless mode which
has two. It has been shown that in the case of flat spacetime the extra polarizations of the
massive gravitons do not decouple giving rise to the celebrated van Dam-Veltman-Zakharov
discontinuity in the propagator of a massive spin-2 field in the massless limit [62, 63]11.
However our separability argument is still valid: Up to this point we have ignored the
presence of a massless scalar mode, the radion, which is related to the motion of the freely
moving negative tension brane. It turns out that this scalar field is a ghost field, that is,
it enters the Lagrangian with the wrong kinetic term sign. It can be shown that the effect
of the presence of this field is to exactly cancel the contribution of the extra polarizations
of the graviton making the limit of infinite brane separation smooth. Note that apart from
the radion there is another scalar field in the spectrum, the dilaton, which parameterizes
the overall size of the extra dimension which also decouples in the above limit.
As we have mentioned the problems associated with the presence of the ghost radion can
be avoided by allowing for AdS4 spacetime on the 3-branes. In this case there is no need
for the negative tension brane (thus there is no radion field) and moreover the presence
of curvature on the branes makes the massless limit of the massive graviton propagator
smooth [67, 68], meaning that in the the AdS4 curved background the extra polarizations
of the massive graviton decouple in the massless limit, in agreement with our separability
argument.
8 Multi-Localization and supersymmetry
It is interesting to investigate the multi-localization in the supersymmetric versions of the
previous models. The inclusion of supersymmetry is interesting in the sense that it restricts
the possible mass terms by relating the mass parameters of fermion and boson fields. It
is well known that AdS spacetime is compatible with supersymmetry [69, 70]. In contrast
to the case of flat spacetime, supersymmetry in AdS requires that fields belonging in the
same multiplet have different masses. In the previous discussions on the localization of
the fields, the mass term parameters which control the localization of the bulk states, are
11However, in Ref. [64, 65] was shown that in the presence of a source with a characteristic mass scale,
there is no discontinuity for distances smaller that a critical one. This argument is also supported by the
results of Refs. [66–68] where it was shown that the limit is smooth in dS4 or AdS4 background.
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generally unconstrained. Let us now examine in more detail the cases of supergravity,
vector supermultiplets and the hypermultiplet.
Supergravity supermultiplet The on-shell supergravity multiplet consists of the viel-
bein eαM , the graviphoton BM and the two symplectic-Majorana gravitinos Ψ
i
M (i = 1, 2).
The index i labels the fundamental representation of the SU(2) automorphism group of the
N = 1 supersymmetry algebra in five dimensions. The supergravity Lagrangian in AdS5
has the form [29] (in AdS5 background we can set BM = 0):
S5 = −1
2
∫
d4x
∫
dy
√−g
[
M35
{
R + iΨ¯iMγ
MNRDNΨ
i
R − i
3
2
σ′(y)Ψ¯iMσ
MN(σ3)
ijΨjN
}
+2Λ− Λ
k2
σ′′(y)
]
(70)
where γMNR ≡ ∑perm (−1)p3! γMγNγR and σMN = 12 [γM , γN ]. From the above expression,
that is invariant under the supersymmetry transformations [29], we see that the symplectic-
Majorana gravitino mass term m = 3
2
σ′(y) is such that its mass spectrum is identical to
the mass spectrum of the graviton. This becomes clear by comparing eq.(26) for ν = 3
2
and
eq.(66). The latter implies that, in the presence of supersymmetry, multi-localization of
the graviton field implies multi-localization of the gravitinos and thus the mass spectrum
of these fields will contain ultralight KK state(s).
Vector supermultiplet The on-shell field content of the vector supermultiplet V =
(VM , λ
i,Σ) consists from the gauge field VM , a symplectic-Majorana spinor λ
i, and the real
scalar field Σ in the adjoint representation.
S5 = −1
2
∫
d4x
∫
dy
√−g
[ 1
2g25
F 2MN + (∂MΣ)
2 + iλ¯iγMDMλ
i +m2ΣΣ
2 + imλλ¯
i(σ3)
ijλj
]
(71)
The above Lagrangian is invariant under the supersymmetry transformations if the mass
terms of the various fields are of the form (for more details see Ref. [29]):
m2Σ = −4(σ′(y))2 + 2σ′′(y)
mλ =
1
2
σ′(y) (72)
Assuming that Vµ and λ
1
L are even while Σ and λ
2
L odd then the mass spectrum of all the
fields is identical. This can be easily seen if we note that for the spinors we have ν = 1
2
,
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for the scalar α = −4, β = 2 and for the gauge boson α = 0, β = 0. The even fields,
for the above values of the mass parameters, they obey the eq.(83) of Appendix A with
ν = 1
2
whereas the odd fields obey eq.(84) for the same value of the ν parameter. The
mass spectrum of the two potentials is identical, apart from the zero modes, since they are
SUSY-partner quantum mechanical potentials. The even fields have zero modes that are
not localized (which is expected since the massless gauge field is not localized) in contrast
to the odd fields that have no zero modes (they are projected out due to the boundary
conditions).
Hypermultiplet The hypermultiplet H = (H i,Ψ) consists of two complex scalar fields
H i (i = 1, 2) and a Dirac fermion Ψ. In this case the action setup is:
S5 = −
∫
d4x
∫
dy
√−g
[
|∂MH i|2 + iΨ¯γMDMΨ+m2Hi |H i|2 + imΨΨ¯Ψ
]
(73)
Invariance under the supersymmetric transformations (see Ref. [29]) demand that the mass
term of the scalar and fermion fields has the form:
m2H1,2 = (c
2 ± c− 15
4
)(σ′(y))2 + (
3
2
∓ c)σ′′(y)
mλ = cσ
′(y) (74)
from the above we identify that α = c2 ± c − 15
4
and β = 3
2
∓ c for the scalar fields.
Note that α = β2 − 4β which implies the existence of zero mode for the symmetric scalar
fields. Moreover, for the scalar fields we find that ν ≡ 3
2
− β = ±c which implies that the
wavefunctions (in z-coordinates) and the mass spectrum are identical to the Dirac fermion’s.
Note that we are assuming thatH1 and ΨL are even, while H
2 and ΨR are odd. As expected
if supersymmetry is realized, multi-localization of scalar fields implies multi-localization of
Dirac fermions and the opposite.
In the five dimensional AdS background, the mass terms compatible with supersymme-
try are not the ones that correspond to degenerate supermultiplet partners, but are such
that all members of the supermultiplets have the same wavefunction behaviour and the
same mass spectrum. However, in the four dimensional effective field theory description,
the states lie in degenerate SUSY multiplets, as is expected since the 4D theory is flat.
24
9 Discussion and conclusions
In this paper we studied the localization behaviour and the mass spectrum of bulk fields
in various multi-brane models with localized gravity. We showed that the addition of
appropriate mass terms controls the strength or/and the location of localization of the
fields and moreover can induce localization to Abelian spin 1 fields. The localization of all
the above fields can resemble that of the graviton, at least in a region of the parameter
space. This means that fields of all spins (≤ 2) can be localized on positive tension branes.
The latter implies that in the context of multi-brane models emerges the possibility of
multi-localization for all the previous fields with appropriate mass terms. We have shown,
giving explicit examples, that when multi-localization is realized the above fields apart from
the massless zero mode support ultra-light localized KK mode(s).
In the simplest constructions with two positive branes, that we considered here, there is
only one special KK state. However by adding more positive tension branes one can achieve
more special light states. In the extreme example of a infinite sequence of positive branes
instead of discrete spectrum of KK states we have continuum bands. In the previous case
the special character of the zeroth band appears as the fact that it is well separated from
the next.
Summarizing, in this paper we pointed out some new characteristics of multi-brane
scenarios in the case that multi-localization is realized. The new phenomenology reveals
itself through special light and localized KK states. The idea of multi-localization and
its relation to new interesting phenomenology is of course general and it should not be
necessarily related to RS type models12, although it finds a natural application in the
context of these models .
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12In the case of gravity though, such a construction (or similar) with curved background is essential.
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Appendix
A Wavefunction Solutions
In this section we briefly discuss the form of the solutions of the Schro¨edinger equation of
the ′′ + −+′′ configuration - a configuration that exhibits multi-localization. As we have
seen in the previous sections the general form of the potential (for field of any spin) of the
corresponding quantum mechanical problem is of the type 13:
V (z) =
κ
2[g(z)]2
(σ′(y))2 − λ
2[g(z)]2
σ′′(y) (75)
where κ, λ are constant parameters14. For the case of ′′ +−+′′ model we have
(σ′(y))2 = k2
σ′′(y) = 2kg(z) [δ(z) + δ(z − z2)− δ(z − z1)] (76)
z1 and z2 are the position of the second (negative) and the third (positive) brane respectively
in the new coordinates (z1 = z(L1) and z2 = z(L2)). The convenient choice of variables,
which is universal for fields of all spins, is:
z ≡


2ekL1−e2kL1−ky−1
k
y ∈ [L1, L2]
eky−1
k
y ∈ [0, L1]
(77)
(the new variable is chosen to satisfy dz
dy
= eσ(y)) and the function g(z) is defined for
convenience as g(z) ≡ eσ(y) ≡ k {z1 − ||z| − z1|}+1. Note that in principle κ and λ are not
related since the first gets contributions from the five dimensional bulk mass whereas the
second from the boundary mass term.
13In the following expression we have assumed that boundary mass term contribution is universal (its
absolute value) for all the branes, i.e. λ is the weight of all δ-functions. One might consider a more general
case, where each δ-function to have its own weight. However, generally the requirement of the existence of
zero mode implies that their absolute values are equal.
14The particular values of the parameters κ, λ depend on the spin of the particle. Here we are interested
in the general forms of the solutions. We also assume that we have already performed the appropriate
redefinition of the wavefunction (f(y)→ fˆ(z)), which also depends on the spin of the particle.
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Even fields Let us consider first the case that the field under consideration is even under
the reflections y → −y. In this case, it is easy to show that the zero mode exists only in
the case that κ = ν(ν + 1) and λ = ν or λ = −(ν + 1) (this is derived by imposing the
boundary conditions coming from the δ-function potentials on the massless solution, see
below). The zero mode wavefunctions in this case have the form:
In the case that λ = ν,
fˆ0(z) =
A
[g(z)]ν
(78)
and in the case that λ = −(ν + 1),
fˆ0(z) = A
′ [g(z)]ν+1 (79)
Where A,A′ are normalization constants. Note that the first is localized on positive tension
branes whereas the second on negative tension branes. However, only the first choice gives
the possibility of multi- localization on positive tension branes. Thus the existence of zero
mode and light KK state requires κ = ν(ν + 1) and λ = ν. Since we are interested in
configurations that give rise to light KK states, the potential of interest is:
V (z) =
ν(ν + 1)k2
2[g(z)]2
− ν
2g(z)
2k [δ(z) + δ(z − z2)− δ(z − z1)] (80)
For the KK modes (mn 6= 0) the solution is given in terms of Bessel functions. For y lying
in the regions A ≡ [0, L1] and B ≡ [L1, L2], we have:
fˆn
{
A
B
}
=
√
g(z)
k
[{
A1
B1
}
J 1
2
+ν
(
mn
k
g(z)
)
+
{
A2
B2
}
J− 1
2
−ν
(
mn
k
g(z)
)]
(81)
The boundary conditions that the wavefunctions must obey are:
fˆn
′(0+) +
kν
g(0)
fˆn(0) = 0
fˆn(z1
+)− fˆn(z1−) = 0
fˆn
′(z1
+)− fˆn ′(z1−)− 2kν
g(z1)
fˆn(z1) = 0
fˆn
′(z2
−)− kν
g(z2)
fˆn(z2) = 0 (82)
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The above boundary conditions give a 4 x 4 linear homogeneous system for A1, B1, A2 and
B2, which, in order to have a nontrivial solution should have vanishing determinant. This
imposes a quantization condition from which we are able to extract the mass spectrum of
the bulk field.
Odd fields In the case that the field is odd under the reflections y → −y, there is no
zero mode solution since it is not possible to make it’s wavefunction to vanish at both
boundaries. In the absence of zero mode, the previous restrictions between λ and ν do not
apply - and thus they are in principle independent. However one can ask if in this case,
despite the absence of zero mode, a light state can exist. Indeed we can easily find that
this can be realized for special choice of parameters: It can be shown that the potential
V1(z) =
ν(ν − 1)
2[g(z)]2
(σ′(y))2 +
ν
2[g(z)]2
σ′′(y) (83)
considering odd parity for the fields, gives the same spectrum (apart from the zero mode)
with the familiar potential for fields of even parity:
V2(z) =
ν(ν + 1)
2[g(z)]2
(σ′(y))2 − ν
2[g(z)]2
σ′′(y) (84)
which according to the previous discussions supports an ultra-light special KK state. This is
because the previous potentials are SUSY partners and as expected have the same spectrum
apart from the zero mode.
B Life without negative tension branes
It has been shown that the properties of the ′′ + −+′′ model (the bounce form of the
“warp” factor), which contains a moving negative tension brane can be mimicked by the
′′ + +′′ model, where the negative brane is absent provided that we allow for AdS4 on the
branes. Since the corresponding potential has two δ-function wells that support bound
states the multi-localization scenario appears also here. The previous results related to the
localization properties of the various fields are valid also in this case. However, the presence
of AdS4 geometry on the branes, modifies the form of the potential of the corresponding
Schro¨dinger equation and thus the details of the form of wavefunctions of the KK states.
In this section we briefly discuss these modifications.
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As previously mentioned, the spacetime on the 3-branes must be AdS4 (in contrast to
the ′′+−+′′ models where the spacetime is flat). Thus in this case the background geometry
is described by:
ds2 =
e−2σ(y)
(1− H2x2
4
)2
ηµνdx
µdxν + dy2 (85)
By following exactly the same steps as in the case of flat branes, again the whole problem
is reduced to the solution of a second order differential equation for the profile of the
KK states. The differential equation is such that after the dimensional reduction the five
dimensional physics is described by a infinite tower of KK states that propagate in the AdS4
background of the 3-brane. It is always possible to make the coordinate transformation
from y coordinates to z coordinates related through: dz
dy
= A−1(y), where A(y) = e−σ(y),
and a redefinition of the wavefunction15 and bring the differential equation in the familiar
Schro¨dinger-like form: {
−1
2
∂z
2 + V (z)
}
fˆn(z) =
m2n
2
fˆn(z) (86)
where fˆn(z) is the appropriate redefinition of the wavefunction.
For the ′′ + +′′ model the form of the potential for fields of different spin is different.
However, in the case that it admits a massless mode and an anomalously light mode it has
the generic form given in eq.(80) that applied to the ′′+−+′′ case. However the warp factor
has a different form from the case with negative tension branes being given by
g(z) ≡ eσ(y) = 1
cosh(k(|z| − z0) (87)
Note that in this case σ′(y) is not constant in the bulk and σ′′(y) is not confined to
the branes. The massless modes, corresponding to the Schrodinger equation with this
potential,are given by eqs.(75) and (76) as in the ′′ + −+′′ case. Note however that the
constraint on the relative magnitude of the two terms in the potential, eq.(72), is now
required when solving for the propagation in the bulk whereas in the case of a negative
tension brane it came when solving for the boundary conditions.
The zero mode wavefunction is given by:
fˆ0(z) =
C
[cos(k˜(z0 − |z|))]ν
(88)
15The form of this redefinition depends on the spin of the field.
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where C is the normalization factor. By considering cases with mn 6= 0, we find the
wavefunctions for the KK tower :
fˆn(z) = cos
ν+1(k˜(|z| − z0))
[
C1 F (a˜n, b˜n,
1
2
; sin2(k˜(|z| − z0)))
+ C2 | sin(k˜(|z| − z0))| F (a˜n + 12 , b˜n + 12 , 32 ; sin2(k˜(|z| − z0)))
] (89)
where
a˜n =
ν + 1
2
+
1
2
√(
mn
k˜
)2
+ ν2
b˜n =
ν + 1
2
− 1
2
√(
mn
k˜
)2
+ ν2 (90)
The boundary conditions are given by:
fˆn
′(0+) + kν tanh(ky0)fˆn(0) = 0
fˆn
′(zL
−)− kν sinh(k(L− y0))
cosh(ky0)
fˆn(zL) = 0 (91)
the above conditions determine the mass spectrum of the KK states. By studying the mass
spectrum of the KK states it turns out that it has a special first mode similar to the one
of the ′′ +−+′′ model as expected.
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